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We report on progress towards the development of an Action Concept Inventory (ACI), a test
that measures student understanding of action principles in introductory mechanics and optics.
The ACI also covers key concepts of many-paths quantum mechanics, from which classical action
physics arises. We used a multi-stage iterative development cycle for incorporating expert and
student feedback into successive revisions of the ACI. The student feedback, including think-aloud
interviews, enabled us to identify their misconceptions about action physics.
PACS numbers: 01.40.G-, 01.40.Di, 01.40.Fk, 01.40.gf
I. INTRODUCTION
Action physics has been included in first-year univer-
sity physics courses at the Australian National University
for a number of years, broadly following the model advo-
cated by Edwin Taylor [1]. Specifically, we have taught
Fermat’s principle of stationary time for ray optics and
Hamilton’s principle of stationary action for mechanics.
A first year text that introduces these topics is the Feyn-
man Lectures on Physics [2]. Following Feynman’s book
“QED” [3], Taylor [1, 4], and Ogborn and Taylor [5],
we justified and motivated classical action physics from
many-paths quantum mechanics.
There are few models for teaching action physics in a
first-year university course, and hence taking a Physics
Education Research (PER) approach to evaluation was
important to determine the effectiveness of the innova-
tion. Hence, we are developing an Action Concept In-
ventory (ACI), the current version of which is discussed
in this paper and available in the Supplemental Material
[6]. As will be discussed in Sec. III, this version does not
meet the internal validity criterion for evaluating under-
standing of a single construct, such as “action physics”.
Concept inventories are multiple-choice tests designed
to efficiently evaluate students’ conceptual understanding
of a particular area of learning [7]. They have been used
in many areas of physics, most famously in Newtonian
mechanics, where the Force Concept Inventory has had
a major impact on teaching and learning [8–11].
There are well developed methodologies for construct-
ing and validating concept inventories [12]. One of the
first steps is undertaking a literature survey of PER on
the inventory’s subject. However, as action physics is
a relatively new area in PER, this literature is largely
confined to content and its delivery [13–17]. There is lit-
tle discussion of the student misconceptions that might
inform the inventory development. Hence, a significant
part of the work we report is the identification of mis-
conceptions about action physics.
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FIG. 1: The process for developing an Action Concept In-
ventory, showing feedback. Blue rectangular boxes represent
creative processes while red truncated-corner boxes represent
feedback and modification.
Including topics in first year courses that are usually
taught in later years, such as action physics, is not to be
undertaken lightly. It requires a level of student prepa-
ration and sophistication that will not be found in all
classes. Our decision to teach action physics to first-year
students, is based on the fact that our students are high
achievers, according to the Australian university entrance
score measure (ATAR), and that ANU Physics aims to
educate to a very high standard [18]. In this paper we
do not attempt to make the case for the broader adop-
tion of such teaching, as we have done this elsewhere [19].
Rather we describe an evaluation tool to assist those who
may wish to pioneer first year action physics instruction.
In the next section we describe the ACI development
process, including the core concepts identified in collab-
oration with experts. Section III presents analyses of the
results of administering the inventory. Section IV dis-
cusses the misconceptions that we identified in the inven-
tory development process. We conclude by touching on
some questions regarding the teaching of action physics,
and the role of the ACI.
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2TABLE I: The concepts tested by the ACI. In the questions column are the question numbers we classified as associated with
each concept. The questions are available in the supplemental material [6].
Concept Description Questions
Path A path is a curve in space, with each of its points occurring at
a specific time.
10, 11
Principle of Stationary Action The classical (observed) path is the one for which the action is
stationary.
7, 9, 16
Stationary A first order variation of the path makes no first order difference
to the action.
4, 12, 13
Fermat’s Principle When travelling from point A to point B a light ray will take
the path for which the time is stationary.
6
Conservation of Energy Energy is conserved. 1, 2
Principle of Stationary Potential Energy A particle placed at rest at a point of zero slope in the potential
energy curve will remain at rest.
3, 5
Explore All Paths In quantum physics a particle takes all possible paths when mov-
ing between two states.
8, 19
Complex Amplitude Each path has a complex amplitude determined by the action,
with equal magnitudes, and different phases.
15, 18
Superposition Principle Total amplitude for a transition from A to B is obtained by
summing the amplitudes of each path from A to B.
14, 15, 17, 18
Probability The probability of a transition is calculated by squaring the
modulus of the total amplitude.
14, 17
II. DEVELOPING THE ACTION CONCEPT
INVENTORY
To develop the ACI we used a multi-stage iterative
cycle of the kind described by Adams and Wieman [12],
and outlined in Fig. 1. This approach is designed to be
objective. It is based on advice from independent experts
concerning the choice of concepts and questions, as well
as on feedback from students.
The first stage was to identify the key concepts of
action physics by a literature review and by consulta-
tion with five Australian National University (ANU) aca-
demic staff who have taught action physics at various
levels. Then fifteen international experts were identified
through their publications on action physics education.
They reviewed the preliminary list of key concepts using
an online survey; this resulted in additions, deletions and
refinements. The ten concepts resulting from this process
are given in Table I. They were each supported by at least
70% of the experts. The last four of the concepts concern
many-paths quantum mechanics, the conceptual basis on
which our instruction was built.
Examples of concepts eventually excluded from the list
were: action, generalized coordinates, and Noether’s the-
orem. Generalized coordinates and Noether’s theorem
were rejected as being non-fundamental extensions to the
principle of stationary action. Action was excluded be-
cause it was judged to be more a definition than a con-
cept. Its conceptual aspect is captured in part by the
principle of stationary action concept.
In order to test understanding of these concepts, first-
draft questions were developed for the inventory. We
then conducted and analyzed thirty-one student think-
aloud interviews using these questions. In think-aloud in-
terviews students explain their reasoning while answering
the open-ended questions, with the interviewer avoiding
influencing the students’ thinking. These students were
a diverse group, nineteen of whom were later year un-
dergraduates. Records of the interviews were analyzed
for misconceptions, and hence for distractors, which in-
formed our development of multiple-choice answers.
The resulting second-draft of the inventory, consisting
of 18 questions with multiple-choice answers, was admin-
istered to the 2014 ANU “Physics 2” first-year university
class before and after instruction. Physics 2 is the sec-
ond course required for physics majors at the ANU. It
constitutes a quarter of a full-time load for a semester.
The 2014 class enrolment was 108, somewhat more than
half of whom will complete three-year physics majors.
Most students had completed “Physics 1” the previ-
ous semester, which reviewed the Newtonian mechanics
and electromagnetic statics already studied at secondary
school level. Physics 2 mathematics co-requisites include:
complex numbers, partial differentiation and differential
equations. The 2012 class was the subject of a similar
study on relativity physics education [20].
The action physics instruction was a three-week mod-
ule of eight 50 minute lectures, a 90 minute computa-
tional laboratory, and two 50 minute tutorials. The lec-
tures were active in style and included class-response
questions. Students were provided with a set of notes,
recommended reading [2, 3] and video viewing [21]. As-
sessment was by two homeworks, a lab logbook and a
question on the final exam. Student assessment work
was part of the raw data for our research [22].
Twenty validation interviews were conducted after the
post-instruction administration. As a result problems
with certain questions were identified and corrected.
3TABLE II: ACI post-test statistics for the 2014 and 2015
classes. Sample sizes were N = 76 and N = 87 respectively.
Statistic 2014 2015 Desired range
Mean item difficulty index 0.35 0.43 [0.3, 0.9]
Ferguson’s delta 0.93 0.95 ≥ 0.9
Mean discrimination 0.24 0.38 ≥ 0.3
KR20 0.53 0.64 ≥ 0.7
Three of the validation interviews were conducted with
pairs of students, who discussed their reasoning while
being passively observed. This was a more comfort-
able environment for the students, and the discussion re-
duced the number of superficial errors in interpretation.
It would be interesting to investigate how administering
concept inventories to pairs of students might affect their
accuracy as instruments for measuring class learning.
Next, four international experts reviewed the inven-
tory, which led to further improvements. Finally, we
added an additional question addressing the explore all
paths concept (question 19 [6]). The resulting inventory
is presented in the supplemental material [6].
III. RESULTS
Various forms of statistical analysis were applied to
the action concept inventory response data. Some test
statistics are given in Table II. The sample in each year
is all students who completed both the pre and post-
instruction tests. Students were given 30 minutes at the
end of class to complete the ACI using an online form,
with most students taking between 15 and 25 minutes.
Students who were absent were encouraged to complete
it out of class.
The statistics are defined and explained by Ding and
Beichner [23], from where the desired ranges are also
taken. The mean item difficulty index is just the frac-
tion of answers that were correct. Ferguson’s delta is an
indicator of the range of students’ scores across the class.
Discrimination is a measure of how well a question dis-
tinguishes between top and bottom quartile students, as
determined by total test scores. In 2014 the ACI’s mean
discrimination was below the desired range, indicating
that the difference in its difficulty for the top and bot-
tom quartile students was less than recommended. This
can happen because questions are too difficult or too con-
fusing. After modifications to a number of questions the
mean discrimination of the 2015 ACI moved into the de-
sired range.
Questions with particularly low discrimination, and
difficulty indices - that is, particularly difficult questions -
were four questions testing three of the quantum mechan-
ical concepts (Q14, Q15, Q17, Q18 [6]), namely: complex
amplitude, superposition principle, and probability. Ev-
idence from the student interviews and homework con-
firmed that our instruction in the quantum mechanical
Probability of using "Least Action" Model
Pr
ob
ab
ilit
y o
f u
sin
g 
"S
ta
tio
na
ry
 A
cti
on
" M
od
el
●
●
0.0 0.2 0.4 0.6 0.8 1.0
0.
0
0.
2
0.
4
0.
6
0.
8
1.
0
Stationary
 Action Model
Mixed Model
Least Action Model
●
●
Pre−test 2015
Post−test 2015
Pre−test 2014
Post−test 2014
Physicist
FIG. 2: Model plot of the probability of students using
the correct principle of stationary action conceptual frame-
work versus their probability of using the incorrect least ac-
tion framework. The lines somewhat arbitrarily separate the
plot into three regions corresponding to different conceptual
frameworks [26]: they are where the sum of the two proba-
bilities are 0.4 or 1, and where one probability is three times
the other. All results are in the mixed model region, mean-
ing that individuals were using either the stationary action or
least action models, depending on the question.
concepts did not lead to students mastering them.
The KR-20 test statistic is a measure of the consistency
of the concepts measured by the inventory. It measures
the consistency of the different questions against each
other. For inventories, such as the ACI, that measure a
large number of concepts (10) relative to the number of
questions (19) the KR-20 is also a measure of “task vari-
ability” [12]. That it is below the desired range [23, 24]
indicates that the concepts being tested, Table I, have a
high degree of independence, and that there is no single
idea, or construct, whose understanding is being tested
by the ACI [25]. Hence it should not be regarded as a
fully developed concept inventory, even though it is use-
ful for other evaluation purposes, such as identification of
misconceptions. Adding more questions, thus increasing
the ratio of questions to concepts, may move the reliabil-
ity statistic into the acceptable range.
For the 2014 class, the pre and post-instruction class
average scores out of a possible 18 were 5.1 ± 0.2 and
6.3 ± 0.3, where the uncertainties are standard devia-
tions of the means. The corresponding normalized gain,
that is the actual post instruction gain as a fraction of
the maximum possible gain, is 0.09 ± 0.03. The inven-
tory thereby diagnosed that our teaching effectiveness for
action concepts was low, with the quantum mechanical
concepts being particularly problematic.
Hence, we increased our emphasis on quantum con-
cepts in the 2015 Physics 2 class. Specifically, we in-
creased the lecture and computational laboratory time
4spent on quantum mechanics, and emphasised the im-
portance of studying the assigned introductory videos
before the lectures [21]. For the 2015 class the pre and
post-instruction average scores out of a possible 19 were
5.2±0.2 and 8.2±0.3, for a normalized gain of 0.22±0.03.
We performed a model analysis of our 2014 and 2015
data. This is a method due to Bao and Redish [26] for
identifying students’ conceptual frameworks from con-
cept inventory data [27, 28]. It is motivated by cogni-
tive science evidence that, whereas an expert has only
one framework, a student may have different frameworks
whose activation is determined by the context.
We applied it to frameworks for understanding the
principle of stationary action concept, which was tested
by three inventory questions (Q7, Q9, Q16) [6]. In this
case two models predominate and the data can be rep-
resented on a model plot, Fig. 2 [26]. The three labeled
regions correspond to students dominantly using the cor-
rect “stationary action” model, the incorrect “least ac-
tion” model, and the mixed model region in which either
was used depending on the question. The least action
model is based on the misconception that only minima
are stationary cases. The model plot shows that both
before and after instruction, individual students were in
the mixed model region. However after instruction the
correct model was more likely to be used.
Applying model analysis to the explore all paths con-
cept showed that the correct “explore all paths” model
and the incorrect “single path” model dominated stu-
dents’ thinking. It also showed that our instruction was
ineffective in shifting students towards the correct model,
indicating the need for teaching improvements.
As an adjunct to our central project of measuring
student learning, we investigated whether administering
the ACI to physicists with advanced training might con-
tribute to its development. Hence, we administered it
to 61 ANU physicists: 22 were academics, 23 Ph.D. stu-
dents, and the remaining 16 were third or fourth year
undergraduates, or masters students. For most ques-
tions this group did significantly better than the first-
year students. Two of the questions they did worse on
had already been identified as needing revision as a re-
sult of the post-test student interviews, suggesting that
expert groups can help identify question validity. This
has the potential to accelerate the development process,
given that classes usually run on a fixed schedule, while
physicists are often available over a wider range of times.
Interestingly, the physicists did much worse than post-
instruction Physics 2 students on one of the questions
concerning the path concept, even though the question
was valid (question 10 [6]). This indicated that the physi-
cists were not familiar with the concept that the bound-
aries of paths are events, specified by a time and a place.
The distinction between the action physics concept of a
path with two boundaries, and the conventional concept
of a trajectory with initial conditions is a fundamental
one. In contrast, Physics 2 students had repeatedly cal-
culated actions along paths and hence many had mas-
tered the concept.
IV. MISCONCEPTIONS
In this section we discuss students’ misconceptions
about action physics that were revealed by our research.
We also suggest how they might be addressed by instruc-
tion. Misconceptions were investigated using student in-
terviews and conceptually oriented assessment tasks. As
the research progressed, our evolving understanding of
misconceptions was used to iteratively improve the dis-
tractor multiple choice answers in the inventory, as pre-
viously described.
Students completing the inventory were also asked to
rate their confidence in their answer to each question [20].
The purpose of this was to help identify misconceptions:
an incorrect answer together with high confidence sug-
gests that answer corresponds to a misconception. The
student interviews revealed that some students who were
clearly guessing answers would nevertheless rate their
confidence in their answer as high. Hence we only used
the confidence data to identify potential misconceptions
after transforming it to a z-score for each student, that is
subtracting the student’s mean confidence over all ques-
tions and dividing by the standard deviation.
One misconception about the principle of stationary
action concept is the idea that only minimum action
paths are physical. This is an example of where the asso-
ciated distractor was assigned high confidence by many
students who chose it. Another misconception is that
only one path can have stationary action [29, 30].
Students commonly misconceived paths in mechanics
as spatial paths, rather than as space-time worldlines.
In the case of optics, the paths are spatial, but not in
mechanics [31]. It is a challenge for the instructor to
clarify not only the unity of optics and mechanics within
action physics, but also their specific differences.
The concept of different orders of variation challenged
many students. One misconception was that if the first
order variation is zero, at a stationary point, then there
is no variation at all, e.g. that the second order variation
is also zero. A specific example of this misconception
is the belief that a path near a stationary path has the
same action as the stationary path. Another misconcep-
tion was that (non-zero) first order variations might be
smaller than second order variations. This is perhaps the
result of focussing on the magnitudes of the first and sec-
ond derivatives in the relevant Taylor expansion, rather
than on their respective products with the infinitesimal
expansion powers  and 2.
The explore all paths concept was particularly diffi-
cult for some students to learn. This was expected as it
is a deeply quantum mechanical idea, inconsistent with
everyday experience. In applying classical conceptions
some students believed that there is only one path that
particles can take. Others believed that although dif-
ferent paths were possible, only one was physically rel-
5evant. Instruction should acknowledge the conflict with
intuition while explaining that microscopic systems, of
which we have no direct experience, have simply been
found to be different.
Some students struggled to relate the concept of a
path’s complex amplitude to constructive and destruc-
tive interference in the amplitude sum. Even though
almost all students had studied complex numbers in a
mathematics course, there was sometimes a misconcep-
tion that more paths always means a higher magnitude
for the amplitude sum. We also found that some stu-
dents assumed that the magnitude of the amplitude of
the stationary path is greater than that of other paths,
even though the magnitude of the amplitude of all paths
is the same. This misconception focusses on individual
paths rather than on the collective contribution of groups
of paths.
The most common misconception regarding probabil-
ity that we found was famously published in Max Born’s
1926 paper [32]. This misconception is that the proba-
bility is the magnitude of the complex amplitude, rather
than its magnitude squared. Born inserted a famous foot-
note in proof, correcting this misconception. An English
translation is: “More careful consideration shows that
the probability is proportional to the square of the quan-
tity Φn,m”. It is not too much of a stretch to suggest
that this correction won him the Nobel Prize in 1954 for
his interpretation of the wavefunction.
V. CONCLUSIONS
Two important questions have not been addressed in
this paper, as we have done so elsewhere [19]: should and
can action physics be taught at first year university level?
The should case has been argued by Taylor [1, 4] based
in part on the unifications it enables. Whether or not we
can teach action physics effectively will depend on the
students’ preparation and on the effectiveness of innova-
tive techniques, such as interactive visualizations [33], for
addressing gaps in preparation. The ACI is a tool for in-
vestigating the can question by measuring instructional
success.
The systematic and iterative concept inventory devel-
opment process we have described has enabled us to im-
prove the teaching of action physics at first-year univer-
sity level. In particular, it has enabled us to identify
the quantum mechanical foundation as a weak point in
our instruction, and to redesign the Physics 2 course to
improve it.
[1] E. F. Taylor, A call to action, Am. J. Phys. 71 423 (2003).
[2] R. P. Feynman, R. B. Leighton and M. Sands, The
Feynman Lectures on Physics (Addison-Wesley, Reading,
1963). Vol. 1, chapter 26 and vol. 2 chapter 19. Available
online from http://feynmanlectures.caltech.edu.
[3] R. P. Feynman, QED: The Strange Theory of Light and
Matter (Princeton University Press, 1985).
[4] E. F. Taylor, The boundaries of nature: special and gen-
eral relativity and quantum mechanics, a second course
in physics, Am. J. Phys. 66 369 (1998).
[5] J. Ogborn and E. F. Taylor, Quantum physics explains
Newton’s laws of motion, Physics Education, 40 26,
(2005).
[6] See Supplemental Material at [URL to be inserted] for
the ACI, correct answers, and concepts addressed by each
question.
[7] Assessment Instrument Information Page, NC State
Physics Education R and D Group,
http://www.ncsu.edu/per/TestInfo.html, accessed 17
December 2015.
[8] D. Hestenes, M. Wells, and G. Swackhamer, Force con-
cept inventory, The Physics Teacher 30 141, (1992).
[9] D. Hestenes and I. Halloun, Interpreting the Force Con-
cept Inventory, The Physics Teacher 33 502, (1995).
[10] D. Human and P. Heller, What does the force concept
inventory actually measure?, The Physics Teacher, 33
138, (1995).
[11] R. R. Hake, Interactive-engagement versus traditional
methods: A six-thousand-student survey of mechanics
test data for introductory physics courses, Am. J. Phys.
66 64 (1998).
[12] W. K Adams and C. Wieman, Development and Valida-
tion of Instruments to Measure Learning of Expert-Like
Thinking, International Journal of Science Education 33,
1289 (2011).
[13] J. Hanc, S. Tujela and M. Hancova, Simple derivation of
Newtonian mechanics from the principle of least action,
Am. J. Phys. 71 386 (2003).
[14] T. A. Moore. Getting the most action out of least action:
A proposal, Am. J. Phys. 72 522, (2004).
[15] J. Hanc and E. F. Taylor, From conservation of energy to
the principle of least action: A story line, Am. J. Phys.
72 514, (2004).
[16] J. Hanc, E. F. Taylor, and S. Tuleja, Deriving Lagrange’s
equations using elementary calculus, Am. J. Phys. 72
510, (2004).
[17] D. E. Neuenschwander, E. F. Taylor, and S. Tuleja, Ac-
tion: Forcing Energy to Predict Motion, The Physics
Teacher, 44 146, (2006).
[18] ANU Physics Education Centre mission statement:
http://physics.anu.edu.au/education
[19] Lachlan P. McGinness and C. M. Savage, Action physics,
Am. J. Phys. in press. Arxiv:
http://arxiv.org/abs/1507.06075.
[20] J. S. Aslanides and C. M. Savage, Relativity concept in-
ventory: development, analysis, and results, Phys. Rev.
ST Phys. Educ. Res. 9, 010118 (2013).
[21] Cassiopeia Project videos: Action and QED,
http://www.cassiopeiaproject.com/vid_courses3.
php?Tape_Name=physics, accessed 17 December 2015.
[22] The data collection for the analysis presented in this pa-
per was approved by the ANU Human Research Ethics
6Committee: Human ethics protocol 2014/327.
[23] Lin Ding and Robert Beichner, Approaches to data anal-
ysis of multiple-choice questions, Phys. Rev. ST Phys.
Educ. Res. 5, 020103 (2009).
[24] David P. Maloney, Thomas L. O’Kuma, Curtis J.
Hieggelke, and Alan Van Heuvelen, Surveying students’
conceptual knowledge of electricity and magnetism, Am.
J. Phys. 69 S12, (2001).
[25] Nathaniel Lasry, Steven Rosenfield, Helena Dedic, Ariela
Dahan, and Orad Reshef, The puzzling reliability of the
Force Concept Inventory, Am. J. Phys. 79 909, (2011).
[26] Lei Bao and E. F. Redish, Model analysis: Representing
and assessing the dynamics of student learning, Phys.
Rev. ST Phys. Educ. Res. 2, 010103 (2006).
[27] Trevor I. Smith, Michael C. Wittmann, and Tom Carter,
Applying model analysis to a resource-based analysis of
the Force and Motion Conceptual Evaluation, Phys. Rev.
ST Phys. Educ. Res. 10, 020102 (2014).
[28] S. Rakkapao, T. Pengpan, S. Srikeaw and S. Prasit-
pong, Evaluation of POE and instructor-led problem-
solving approaches integrated into force and motion lec-
ture classes using a model analysis technique, Eur. J.
Phys. 35, 015016 (2014).
[29] An example of more than one path being stationary is
provided by the one-dimensional harmonic oscillator. For
initial and final events at the potential minimum, with
the final event a half period after the initial event, there
are stationary paths corresponding to motion to the left
and to the right.
[30] C. G. Gray and E. F. Taylor, When action is not least,
Am. J. Phys. 75, 434 (2007).
[31] The relation between the optical and mechanical actions
is clearer with Maupertuis’ action, which is formulated in
terms of an integral over the coordinates, and holds the
energy constant. For a discussion of Maupertuis’ action
see: C. G. Gray, G. Karl and V. A. Novikov, Progress in
classical and quantum variational principles, Rep. Prog.
Phys. 67, 159 (2004).
[32] M. Born, Zeitschrift fur Physik 37, 863 (1926); reprinted
in English, On the quantum mechanics of collisions, in
Quantum theory and measurement, J. A. Wheeler and
W. H. Zurek (Eds.), (Princeton University Press, 1983).
[33] E. F. Taylor, S. Vokos, J. M. O’Meara, and N. S. Thorn-
ber, Teaching Feynman’s sum-over-paths quantum the-
ory, Computers in Physics, 12 190 (1998).
